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Abstract 

We show that the form of the chiral condition found by Abanov et al. in the quantum hydrodyam- 
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Hamiltonian is hermitian. 
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I. INTRODUCTION 



It has long been understood that there is a close relationship between the one- dimensional 

n 

Luttinger-Thirring model pj and the low energy edge modes of two-dimensional Laughlin- 
state fractional quantum Hall ^ fluids. The two systems have very similar ground-state 
wavefunctions and the edge-particle correlation functions can be computed from the Lut- 
tinger wavefunction [3]. The connection exists because the non-commuting x and y coordi- 
nates of the lowest Landau level can be regarded as the position and momentum co-ordinates 
of a fluid of one-dimensional fermions [4|, and the boundary of the Hall fluid as its Fermi 
surface. 

If we go beyond a linear approximation to the edge-state energies, the dimensional reduc- 
tion becomes both more interesting and more complicated. The Hall fluid may be described 
by a Chern-Simons matrix model |5|. By adding boundary terms to the matrix model, Poly- 
chronakos showed that when a circular droplet of quantum Hall two-dimensional electron 
luid is held in place by a harmonic -|- y'^ potential, the x-axis projected system becomes 
6] a quantum Calogero model [3, Q] with the y'^ part of the two-dimensional potential 
providing the non-relativistic kinetic energy and the part providing a one-dimensional 
harmonic confining potential. When the Hall fluid is confined by a y"^ potential to a finite 
strip with x-periodic boundary conditions, the one-dimensional system becomes the pe- 
riodic Sutherland model Q, [ll| . The ground-state wavefunction and low lying excitations 
still coincide with those of the Luttinger model, but the higher exited states are more com- 
plicated. There is a one-to-one mapping of the eigenstates of the harmonically confined 



quantum Hall systems onto the eigenstates of the Calogero-Sutherland models 



12|, and 



this mapping descends to the soliton and small amplitude wave solutions of the continuum 
classical hydrodymamics of the Calogero-Sutherland fluid [l^. 

One curious feature of this mapping is that we are looking at the two-dimensional quan- 
tum Hall fluid sideways-on, and see both its near and far edges superimposed. Although the 
two boundaries have their own independent edge modes that move in opposite directions, it 
is not easy to make a clean left-right separation in the projected one-dimensional quantum 
hydrodynamics [13]. Recently, however, Abanov et ai. [14] showed that the complicated 
non-local hydrodynamic equations were much simplified when expressed in terms of a dy- 
namical field u{z,t) that lives on a Schottky double constructed by gluing two copies of a 
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non-compact complex plane together along their boundaries. This ingenious reformulation, 
which depends on an unusual form of Hilbert transform, enabled them to find a condition 
linking the density and velocity under which only unidirectional motion is excited [l^ . The 
definitions of the field and unconventional Hilbert transform in [14^ are not at all obvious, 
however, and the way in which the chiral condition works seems almost magical. 

The present paper is devoted to an alternative formulation of the quantum hydrodynam- 



14 



15|- 



ics that avoids the Schottky-double contour integrals that are the key element in 
The non-obvious form of the chiral condition arises because there are two distinct inner 
products with respect to which the Jack-polynomial eigenfunctions of the Sutherland model 



are mutually orthogonal 
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~v\ . The first of these is the one most often met with in the 
literature of symmetric functions. The second is the one that arises from the quantum me- 
chanics. The chiral version of the Sutherland model is hermitian with respect to both these 
inner products. The full, non-chiral, version is hermitian only with respect to the second 
inner product. The mysterious terms that appear in are precisely the corrections 

required to make the "natural" chiral fields into operators that are hermitian with respect 
to the second product. 

In section |TT] we provide a brief account of the Sutherland model. In section UTTl we review 
the application of the collective field formalism 18| to this model, and introduce the two 
inner products. In sect ion HVl we show how the difference between the two products manifests 
itself in the quantum hydrodynamics, and in section |V] how this difference is the origin of 
the complications in the chiral decomposition. 



II. THE SUTHERLAND MODEL 



We begin with a short review of the Sutherland model lOj. This consists of particles 
moving on the unit circle with Hamiltonian 

iiSutherland 3 ^ 9^^ + 4 ^^2^q^ _ ny^ ' 

1=1 * j<j ^ ' 

We will restrict ourselves to the parameter range A > 1, where the inter-particle interaction 
is repulsive. The potential is sufficiently singular that tunneling does not occur, and the 
particles retain their original order around the circle. The exchange statistics of the particles 
are therefore unimportant, but we will usually think of them as being fermions, as this is 



their natural description in the hmit A — > 1+. 

The ground state wavefunction and energy may be found by means of a "supersymmetric 
quantum mechanics" trick. We set 

A = J]2sin(^,-^,)/2, (2) 

and make use of the addition formula 

cot(x — y) cot(y — z) -\- cot(y — z) coi{z — x) -\- cot{z — x) cot{x — y) — 1 (3) 

to write 

H = i^Sutherland ~ ^^("^ ~ ^) 

52 1 \(\ ^\ \2 



= ^E 



QQ 2^ ^ ' \de, 2 



= \ Y.(^\Q^■ (4) 

i=l 

It is now clear that ^ 

*o = A\^) = ^J] 2 sin(^, - e^)/2^ 



(5) 



satisfies Qi^o = for all i, and is the unique zero-energy eigenfunction of H. The wavefunc- 
tion ^0 is therefore the ground state of the Sutherland model, and the ground-state energy 
is 

^o = ^iV(7V2-l). (6) 

This energy reduces for A = 1 to the energy of an A^-particle Fermi sea obeying periodic 
boundary conditions when N is odd and antiperiodic boundary conditions when is even. 

Now we seek wavefunctions of form ^ = A^^{zi, . . . , zn), i-e. functions such that = 
E'^, where 

TV 



1 d .,,d 



2 ^ A2A d9i dOi 

1=1 



r\'2 \ r\ 

^ _ A V- ( d d 

W~2 



2 ^ 

i 

1 d'^ ^ sr^ //I n ^ ,r. f d d \ 
-5E9^-2E"'(»--»i)/2(s--8»-) 

In the last line we have set Zi = exp{i6i} and Di = Zid/dzi = —id/dOi. The Hamiltonian 
H' will be hermitian with respect to the "A-Sutherland" inner product 

($i|$2)s.™ = ^ / ■■■I U^l^^'^l'^^. (8) 

We initially only consider . . . , zn) that are symmetric polynomials in the Zi. These 
describe excitations near the k kf Fermi point. Later we will worry about the z~^'s that 
can be used for the k ~ —kf Fermi point. 



11| considered, in particular, the action of H' on the monomial symmetric 



Sutherland 
functions 

mM(z) = 5^CC---C' (9) 

where 

{a} = {ai, 0:2, . . . , ttAf}, «! > ^2 > ■ • • > ttAf, (10) 

and the sum is over all permutations of the labels i that result in distinct monomials. 

We can represent the integer sequence by a Young (or Ferrars) diagram with ai boxes 
in the first row, 02 in the second, and so on, and think of it as a partition of the integer 
I {a} I = «! + ^2 + • • •• We usually order partitions in reverse lexographic order, in which 
{a} > {j3} if the first non zero difference — jSi is positive. This is a total ordering: given 
two partitions one is greater than the other, or they are equal. An alternative ordering is 
dominance ordering in which {a} >z {j3} if 

n n 

5^«^>X1/^- ^^>0- (11) 

i=l i=l 

Dominance is only a partial order (as is set inclusion) in that not all partitions are com- 
parable. If {a} >- {/?}, however, then {a} > {/?}. Sutherland showed that when the m^a} 
are taken as a basis, then H' is represented by a matrix that is upper triangular with re- 
spect to dominance order. The eigenvalues of H'axe therefore the diagonal elements of this 



upper-triangular matrix. His result [ll| is that the eigenvalues of i^sutheriand can be written 



as 



Esn\ = En + E'r, 



\Y.^I (12) 



{a} = -C/0 + ^{a} 

where the pseudomomenta are 

= a. + Xkl (13) 

with being the momenta of the Fermi sea of free fermions. The ground state has all the 
ttj = 0, and so we recover the formula ([6]) for the ground-state energy. 

The polynomial eigenf unctions of H' are the Jack symmetric functions J{a}{z)- They can, 
in principal be found by using (. . . | . . •) Sutherland ^'^ a^PPly the Gramm-Schmidt procedure to 
;he reverse-lexographically-ordered monomial symmetric functions. It is a non-trivial result 
IgI that the only subtractions appearing in the orthogonalization process involve dominance- 
ordered m{/3}. Thus we obtain 

J{a}{z) =m{a}{z)+ K{o.}^f3}m{fs}{z), (14) 

and this condition, together with (-'^{a} I <^{/3}) Sutherland ~ ^ when {a} ^ {/?}, serves to define 
the Jack functions uniquely. 

When A = 1, the Jack polynomials reduce to the Schur symmetric functions and the 
coefficients Ki^a}{fi} become Kostka numbers. Both the Schur and Jack functions are zero 
whenever the length /({a}) of the partition (the number of non-zero rows in the Young 
diagram) exceeds N . 

III. COLLECTIVE FIELDS 

We wish to describe the low energy and low momentum excitations of the Suther- 
land chain in terms of fluctuations in the particle density. We therefore change variables 
from zx^...z-M to pi,...,piy, where Pn = X^i ^i*^ Newton power-sum symmetric 

functions, and simultaneously the positive-momentum Fourier components of the density 

Pn= [\''''p{9)d9. (15) 







We find that 

D = z — = z-T = Vn^"— (16) 



and from this obtain 



d ^ d d 



n=l m,n=l 



We now use 



2: 

Zi Zj 

and, after some careful tracking of duplicated and omitted terms, obtain 

, n+m<N f) ^ f) 

A^£^ V (m + nKp„-^ + AVn(iV-nK^. (19) 

2 Zi- Zj ^ OPm+n ^ OPn 

'tfij m,n=l n=l 

Note that neither m nor n is allowed to be zero in the first sum on the right. The excluded 
terms — those at the ends, without 2's, in the z series — appear as the nN part of the second 
sum. The — part arises from the restriction that i cannot equal j. 

The n + m < N constraint in the first sum on the right in f|T9l) is natural because only p„'s 
with n < N are algebraically independent, so the wavefunction, when expressed in terms of 
the p„'s, should not contain p„'s with n > N. Correspondingly, any Pn+m with n + m > N 
generated by an application of the operator in ( JTTll should, in principle, be re-expressed in 
terms of p„'s with n < by means of the Newton-Girard relations. It is, however, not 
unreasonable to ignore these issues in the collective field formalism. This is because we are 
ultimately interested in taking a thermodynamic limit in which we simultaneously rescale 
the mass of particles and the circumference of the circle so as to let ^ 00 while keeping 
the physical density and non-relativistic dispersion fixed. 

If we ignore the n + m < N constraint and allow the sums to extend to infinity, we have 

d 
(20) 

Now H' should be Hermitian, and the right-hand-side of (120|) is manifestly so if 



2H' = inmpn+mT:—T: h A(m + ] + Ul - \)n^ + XnN) pr. 



^ n d . . 



We know, from standard chiral bosonization [19|, that this identification is correct for A = 1. 
Accepting the identification for general A, we can evaluate the inner product 
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= (ii(plvr"---(p;rpr---p7)jack 

N 

= 5M{^}A-'^">n^-^""- (22) 

i=l 

Here we are using a slightly different parametrization of the partitions: {a} = {l'"i2™2 . . 
where the integer is the number of rows in the Young diagram of {a} containing i boxes, 
and so the length of the partition is given by /({«}) = mi + 1712 + ■ ■ ■. The expression f l22p 
for the inner product of the p{a} defines what we will call the "A- Jack" inner product. It 
can be expressed in Bargmann-Fock integral form as 

{Fip)\G{p)),^, = / n (^^) iF{p)YG{p) exp |-A ^-p^pjj , (23) 

where d'^Pn = d Rep„] ci[Imp„] and each integration is over the entire complex p„ plane. 

Macdonald 16|] uses this new inner product to define the Jack polynomials by again 
applying the Gramm-Schmidt procedure to the monomial symmetric functions m{a}{z)- 
Now the A-Sutherland and the A- Jack inner products are in general different. They only 
coincide when A = 1 (this is the miracle behind conventional bosonization) or when is 
infinite. Remarkably, however, the Gramm-Schmidt procedure yields the same polynomials 
whichever product is used. This is because the Jack polynomials are mutually orthogonal 
with respect to both inner products, although their norms differ. 

If, for n > 0, we set jn = Pn, j-n = jt = Pn and u = A^^, we have the filling-fraction u 
chiral algebra 

[jn,jm] = l^rn6n+m,0- (24) 

We also set jo = N/2, anticipating that the other N/2 will go in the left-going current. In 
position space 

1 ^ 



27T 

n=-N 



and the current algebra becomes 



[m,3m = -'^5\e-e'), (26) 

which is the familiar right-going current commutator, at least at v = 1. 
In terms of the current components j„ we can write 

oo oo 
—nj—m ~l~ JnJmJ—n—m 

) + A^((l-A)r2 + AiV) 

3nJ—m 

(27) 

n,m=l n=l 
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which is manifestly Hermitian with respect to the A- Jack inner product, and normal-ordered. 
In position space the cubic terms in 2H' become 

^ir^ ^3{efde, (28) 

where normal-ordering is to be understood. The quadratic terms can be written as an 
integral of a periodic Hilbert transform 

\m]n = ^{9') cot (^^) d9' (29) 

for which (e"*"^)H = isgn {n)e~^"'^. We find that 

2H' = An' 1^'^ !^^j{e)''-zaj{e)de{Me)-j^{e))^de, 

= I S^f-ajdeju\d9. (30) 



Here 



a = A(A - l)/47r, (31) 

and j+ is the part of j with j„, n > 0, and similarly j_ has j„ with n < 0. 

The resulting classical (where A(A — 1) ^ A^, because the "1" is really an h) equation of 
motion is of Benjamin-Ono form 

drj+jdej-(3dlm = 0, (32) 

where r = 27rAt, and /3 = l/An. Seen from a frame moving at the speed of sound c = TrApo — 
so as to remove the convective effect of the constant background (j) = po/2 — the Benjamin- 
Ono equation on the infinite line has a right-going solition solution 

Here 2n\U = (ysoiiton — c) must be positive, so the solitons always travel faster than the 
speed of sound [2S.]- The excess charge carried by the solition is 

/oo 
ijix,t)-{j))dx = A7TP = l. (34) 
-oo 

This solution is close to, but not identical with, the soliton solution for the continuum 
approximation to the classical Calogero model found by Polychronakos [l3]. The difference 
is that Polychronakos' solitions can travel both to the left and right, and the width of his 
soliton is ^c/[v'^^^:^^^^ — c^]. The present soliton width is A/[2(t>soiiton — c)]. The two widths 
coincide, however, when f soliton— c is small compared to c, i.e. when the excitation momentum 
is small compared to the distance between the left and right Fermi surfaces. 



IV. THE INNER PRODUCTS AND THE COLLECTIVE-FIELD MEASURE 



The Jack polynomials form an orthogonal, but not orthonormal, basis for the symmetric 
functions with respect to both the Jack and Sutherland inner products. 

n 

We have [16|] 

n \T \ - n rfe-0 + A)r(e.-o-A + i) 

I "^{"i /Sutherland 11 Fff . _ f .^Fff . _ f . _L 1 ^ ' ^ ' 

l<i<j<N ^''^ '^^^ ' 

where the associated with the partition [a] are 

= + AfcO (36) 
are the pseudomomenta,in terms of which the Sutherland energy eigenvalue is 

i=l 

The Jack product, on the other hand, gives jl^ 

(^wl^w)jack- 11 a{s) + \l{s) + \- ^^^^ 

Here s labels a box in the Young diagram of the partition {a}, and a{s) and l{s) are 
respectively the arm length (the number of boxes to the right of s) and leg length (the 
number of boxes below s) of s. 

The relation between the two norms is jl^ 

n \1 \ -r IT \T \ n ^N + a'{s)-Xl'{s) 

se{a} ^ ^ \ \ J ) 

where a'{s) and l'{s) are respectively the arm co-length (the number of boxes to the left of 
s) and leg co-length (the number of boxes above s) of s, and 

Inspection of fl55]) shows that scaled product C^^(. . . | . . •)suthcriand ^^^^ coincide with the 
Jack product when A = 1 or when N —* oo with all a'{s) and /'(s) remaining finite. 

The source of the difficulty in decoupling the left and right Fermi-surface physics is that 
scaled Sutherland product need not coincide with the Jack product when N oo and at the 
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same time the number of rows or columns in the Young diagram remains 0{N). The former 
is exactly the situation when we when we seek to describe excitations near the left-hand 
Fermi surface. We do this exploiting the identity 

(m|iJV})^J{Q,j^a2,...,a]v}(^) = J{ai+p,a2+p,...,aN+p}{^)^ (40) 

where mnN^^z) = Z1Z2 ■ ■ ■ z^, to add p columns of N boxes on the left of the Young diagram 



representing the Sutherland eigenstate. This operation [17|] corresponds to a Galilean boost 
in which each of the particles is given an additional p quanta of momentum. If p is 
made large enough, all the particle momenta can be made positive. The Sutherland inner 
product (but not the Jack product) is invariant under such boosts. We can create negative- 
momentum excitations near the left-hand Fermi surface by removing boxes near the bottom 
of the, now N-tow deep. Young diagram. This means that the left-most pseudo-momenta 
were not boosted quite as far as the others. When the boost is undone by removing the 
added columns, we are left with a Young diagram with some negative-length rows. The 
corresponding H' eigenfunction is now a rational function rather than a polynomial, but it 
can be written as a conventional Jack polynomial multiplied by a negative power of m^iNy 
The Jack and Sutherland products will not coincide for such ambichiral states. 

To understand the consequences of this difference between the Sutherland and Jack prod- 
ucts in the collective field language, we begin by exploring how it is that these rather differ- 
ently defined products become equal in the large-A^ chiral case. 

If \zi\ = 1, and < 1 is a convergence factor inserted to make the logarithmic series 
converge, we have 



exp 



n 

n=l ) i,j 



00 ^ 

llil-^^z:zJ)\l-^,f\l-^^z';z,)' 

i<j 

lliz, - ^^z,)\z: - ^^z;)\l - 

i<j 

|A(2)|'^(1 as/i^l_. (41) 



We see that the explicit weights in the Sutherland and Jack products are in some sense 
proportional, but the constant of proportionality diverges to zero a.s fi 1. 
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We do not need a convergence factor in 

oo ^ 

\" e*"^ = -21n|2sin(^/2)|, (42) 
^-^ \n\ 

n=— oo ' ' 

and so with p{ff) = ^ XlPnC"*"^ we have 

exp I - A ^P„P-„ I = exp I A j^'^ j^J p{9)p{e') In 2 sin dOdO' | . (43) 

An additive constant po in p does not contribute to the right-hand side because the kernel 
integrates to zero. The singularity in the integrand is integrable. What does this mean for 
the divergent "i = j" factors in the exact product? Should the integral contain a counterterm 
to remove them? The appropriate replacement is [2^ 

f27r /.27r r^n 



JJ|zi-z^f^~Cexp<^ A / p{9)\np{9)de + \ / p(^)p(^') In 2 sin f j dOdO' \ 

(44) 

The first term subtracts a ln(interparticle spacing) self-energy for each particle, and is con- 
sistent with the observation that when the Zi are equally spaced round the unit circle we 

Y[ \zi - ^ ^ (iV^/2)2A = exp {AATln AT} . (45) 

i<j 

In a "coulomb gas" interpretation the first term in the exponent in (jH]) computes the 
microscopic internal energy of the uniform gas, and the second accounts for the electrostatic 
energy due to macroscopic deviations from uniformity. 

In addition to expressing the lAp'^ weight in terms of the particle density, we need to 
compute the Jacobian of the transformation from the Zi to the p„. This change of variable is 
conceptually subtle. The map {zi, . . . , z^) (pi, . . . ,pn) is not invertible: each of the Zi has 
unit modulus, whilst in the Bargmann-Fock integral the p„ are general complex numbers. An 
arbitrary set of Pn will not arise from from Zi with \zi\ = 1. However, as the Zi move on their 
unit circles, each pn moves as the endpoint of an A^-step random walk in the complex plane 
with (|pnP) = A^- By the central limit theorem, therefore, each pn has large- A^ probability 
density 

P(p„) = (Ar7r)-ie-IP"l'/^. (46) 

It is natural to conjecture that as A^ — 00 the map Zi — z^ so scrambles the directions of 
the individual z^ steps that their sums p„ = 2;" become independent random variables 

12 



with joint probability density 
P{pi,P2, ...) Qc exp 



n=l J 



exp 



2po Jo 



2tt 



{p\e)fde 



(47) 



Here p' = p — and po = N/2Ti. As becomes large this distribution becomes uniform 
on the scale of the early {n <^ N) exponentials in the A- Jack Bargmann-Fock interal and 
so the low-momentum integration measures in the Sutherland and Jack products are also 
proportional — despite one integration domain having twice the dimension as the other. (In 
other words the large- iV image of the real A^-torus is dense in .) 

The integration measure will not appear uniform if applied to wavefunctions containing 
p„'s with n = 0{N). In this case we need a more accurate formula. Jevicki shows 2l|] that 
our conjectured probabihty density (H7I) is but the first term in a systematic expansion in 
powers of 1/A^: 

'.27r 



P{pi,P2,...) ocexpi^ 



2po 



^PQ 



/3 



1 



„/4 



12p; 



?P 



de\. 



(48) 



Now we observe that 

'•277 



L 2po 
and so surmise that 



Qpf 12po 



3/ + 



de 



/ [Po In Po - (po + p') ln(po + f>)\ d9, 
Jo 



P(pi,P2,---) ocexpj-^ plnpd6'|. 



(49) 



(50) 



To verify this conjecture, we can proceed as follows: we want to find the measure P[pn] such 
that 

n*"^N-F(p«)- (51) 



i=l 



n=l 



Let A(^) = E„^r^e^''^ and, as usual, p{9) = ^EnPn^"*"^. Thus 

P[Pn] = 



2lT 



ninM-^"+E 

i=l n=l 



d[x{e)] expl- / dex{e)p{e) } 



de 
2^ 



1 N 



exp A(^) 



(52) 
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We now introduce a chemical potential fi. We multiply the last line by {211)^ exp{Nfi)/N\ 
and sum over A^. This gives 



p[p] = J d[X{e)] exp I J de[-x{e)p{e) + exp(A(^^) + ^)] | (53) 

The value of /i will be chosen so as to enforce J pd6 = N. In the thermodynamic limit there 
should be no difference between the canonical and grand canonical ensembles. 

Next, the X{6) functional integral is approximated by stationary phase. Calling the 
exponent S[X,p], we have 

dS= 5Xie) (-p(^) + exp(A(^) + p)) d9, (54) 
Jo 

Thus 

Astationary(6') = lnp(6') - /i, (55) 

and 

P[p] ~ exp {^[Astationary, p]} = CXp |^ {- pin p + p + pp)d9^ . (56) 

Corrections to the leading-order stationary-phase result are also in powers of but 
they have a different character from the corrections inherent in pin p. The A(^) func- 
tional integral is ultra-local, and so the coefficients will involve 5(0) 's 2l|]. These divergent 
terms must compensate for divergences arising in the resulting continuum p{6) field theory. 
The underlying Schrodinger problem, after all, has no divergences. 

The — p In p in the exponent of the measure makes physical sense. It is the configurational 
entropy of the non-uniform gas. The number of ways of distributing the distinguishable 
particles (they are labelled by the "i" on 6i) into k bins of length 271 /k, with rii in bin 1, n2 
in bin 2, etc., is 



, , , - exp < A^lnA^ - - y^(n„lnra« - 
ni!n2!---nfc! ^ 

V. a=l 

?«exp|y (— plnp + p + const. )(i6'| . (57) 

The steepest descent approximation to the integral over A(^) is now seen to be the steepest 
descent approximation that gives Stirling's approximation: 



n! T{n + 1) 2m jc 

= [ exT) \ —nX + dX, 



exp {— nlnn + n} . (58) 
14 



In the second line we have set t = exp A and in the last line approximated the integral by 
the maximum value of its integrand, which occurs at A = Inn. 
In conclusion, we have that the Sutherland product integral 

271 



TT— |A|'^ 



(59) 



i=l 



becomes, in the col 



with weight |22|, [23, 



ective field formalism, proportional to a functional integral over p{6) 



24| 



2n 



J[p] = exp UA - 1) / p{e) Inp(^) de + \ 



2-K /•2 



^0 



p{e)p{e') In 



2 sin 



Q-Q' 



(60) 



The first term in the exponent is absent in the collective-field form of the Jack inner product. 



V. INCORPORATING THE LEFT-GOING MODES 

In the purely right-going case the wavefunction depended only on the p„ for n positive, 

and p_„ was interpreted as the Bargmann-Fock adjoint of the operation of multiplication 

by pn- To decribe both left- and right-going excitations simultaneously we have to allow 

wavefunctions contining both p„ and p^n- These complex variables should be conjugates of 

each other, and so the independent variables are their real and imaginary parts r„, s„ with 

n > 0. Thus Pn = + isn and p_n = — isn, and 

d 1 f d d \ d 1 f d d \ 

> = oh:- + ^7^ , n>0. (61) 



dpn 2 \drn dsn) dp^n 2 \drn ds 
Let us begin by taking the inner product to have the Jack-product weight 

J = exp I -A ^pnpl I = exp I - A ^ (r^ + 4) I . (62) 

Then, with respect to this new, non-chiral Jack product — let's call it Jack' — we have 

d V 15, d 2A 

J = -l^ + -^n. (63) 



_ drn J J dvn dvn n 

and similarly for s„. Proceeding in this manner we find that 



d \^ d X 



-sgn {n)pn, (64) 



^dpnj dp-n n 
where n can have either sign. Also p\^ = p_n- We note that (. . .)^^ = (. . .). 
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Now define 

v„ = 2tx (^-it-q^ \- ^sgn {n)p^ , (65) 

so that v,Jj = v_„ as the Jack'-product adjoint. With 

^ oo _ oo 

both v(^) and p{6) are Jack' hermitian, and 

[p{e),Y{e')] = -thdeSie~e'). (67) 

We now define chiral currents jr^l = ^(p i v/ttA) with 

jR.n = + e(n)p„, 

Ti d 

jh.n = h6(-?2)p„. 

A 

These obey 

[jL,njL,m] = -mudm+nfl, 
[jL,n,jR,m] = 0, 

and so the right and left current algebras are cleanly separated. We should take 6(0) = | so 
as to agree with our previous allocation of the half of po = ^ to each of the chiral currents. 
Unlike the chiral case, the left- and right-going currents have p„ derivatives containing both 
signs of n. 

To write the Hamiltonian in terms of the extended set of p„ we need 

+ ^.) ' _ ' = -i^r + ^^r^'zj' + ■■■ + + zp) (68) 

Zi Zj 

in addition to our previous 

{zi + z,) — = + 2^r"'^i + ■ ■ ■ + 2^i^r' + ^J- (69) 

The hamiltonian becomes 



25| 



d d ( d 

2-^' = nmpn+mT:—T\ h A V'(n m) I PnPmT\ h P-nP 

^ apn OPm , , V OPn+m 

n,m=-oo ^" n=l m=l ^ fn+m 

oo 



-m 



dp. 



+ ((l-A)n2 + AHiV)p A. (70) 

n=-oo 
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Now the (normal-ordered) expression 

f2TT / \ 2 



is equal to 

n,.^oo ^^^1 V ^^-+- 5P-n-m; 

+ V X\n\Npr,—, 

n=—oo 

and the total momentum is 

OC ^ OO 

Aot = -Dj = ^Pn'Q = 2 (iR,njR,-n ~ jL,-njL,n) 

i n=— oo n=— oo 

Jo Jo 

In the momentum, the unwanted terms with two d/dp^s cancelled between the left- and 
right-going current contributions.. 

Life seems more complicated if we wish to assert that the remaining term in 2H' 

oo Q oo 

XI '^^P^a~ ^ A n (jR,„jR _„ + JL -niL,n) • 



n=l 



Here, although the Pnd/dpn terms are generated correctly, the undesired two-derivative 
terms appearing in the right-hand-side do not cancel. Even worse, wc find that while Ptot 
is Hermitian thanks to cancellations between terms with ±n, the expression ^n^Pnd / dpn 
is not Hermitian with respect to the Jack' inner product. This means that, while in the 
chiral case H' was Hermitian with respect to both the Sutherland and Jack products, in the 
non-chiral case it is Hermitian only with respect to the Sutherland product. 

A further indication that the Sutherland product is essential comes from realizing that 
v(^) is not the physical velocity field. From number conservation 

p depv = 

and the Heisenberg equation of motion p — i[H', p], we should have [H', p] ~ idg{pv), or, in 
Fourier space, 

^ oo 

n{pv)n = [H,pn\, where n{pv)n = — ^ npn-mVm- 



27r 

m=—oo 
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Now 

°° d 
p„Pm(n + m)sgn (m) 



n,m=—oo 



.,m=l V t7/^n+m Up_n-m / rn=-oo ^^"^ 



dpr, 



since the terms with n and m of opposite sign cancel, and the last term comes about because 
m cannot be zero (sgn (0) = 0) but n can be zero, and po = ^ ■ Using fl7T]) we find that 

[H\ Pn] = X] ( ^Pn+m-^ h -p„-mSgn {m)p.^ j + |(1 - X)n'^Pn 



m=— oo 
oo 



1 >^ To ^ ^ ^ < ^ \ 

— } npn-m 27r -m- h -sgn (mjp^ 

m=— oo i_ X J ^ 

^ oo 



+ i(l - X)n^p„ 



27T 

m=—oo 

The first term contains our v^'s, and the last is the Fourier transform of 

ide I - X)delnp )■ . 



We conclude that 



^physical = V + - (1 - X)d0 In p. 



We note, however, the comforting fact that 

r2n /•27r 



Aot = Y^i= pvde = /Wphysical dO , 

Jo Jo 



because the addition to the momentum density is a total derivative. 

The distinction between v and fphysicai is accounted for by the different weights in the 
Jack and Sutherland products. To see this, we work in position space. As usual we have 



n=—OD 



We define 

r oo rj 

U{9) = —— = V e-'^'-^ (72) 

^ ' n=— oo 

SO that bp{e)lbp{e') = 6{e - e'). The operator 



e"*"'' (73) 
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is hermitian with respect to a product defined by an integration over p with weight unity. 
If we let 



2 sin 



9-9' 



d9d9' 



be the weight appearing in the Jack product, then our 



.A 



v(^) = K-^^\-ideU)K^^^ = -idell - i-pn 



(74) 



(75) 



is Jack' Hermitian, and 



^physical = J ^/^(-i5en)J^/^ = -idell - i^pn - i ^^ ^ ^^ delnp 



(76) 



is Hermitian with respect to the Sutherland product, which contains the weight J[p]. 

Now let us return to problem of expressing the remaining sum in the Hamiltonian in 
terms of physical variables. We note that 

Q 

- = A 

n=l 



^ sgn( 



n)n pn 



dpr, 



R.njR, 



ih,—ni'L,n) 



is Jack' hermitian, but this is not quite the expression that appears in the Hamiltonian. We 
need to remove the sgn(n) by changing the sign of the negative n terms in this sum. The 
following manouvre, a paraphrase of the unusual Hilbert transform in [l^, achieves this. 
We start with 

.2 / J ^ „-3 , -3 I j/i _ / J ^ ^ ^3 



and observe that adding 

'•27r 



{^(-^ ~ ^) + 2mXpn - vrAp) + ii^de{y + 2m\pn + 7rAp)]| d9 

= j^^ {-^(^ - l)^Phys5'?P +\{^- 1)'^^ - |a(A - l)pdepn^ d9 
gives the known position-space Hamiltonian 13| 

H' = {^P^^^y^i + + ^(A - 1)^^ - ^A(A - l)pdepu] d9. (77) 
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The shift v v + 27riApH T^rAp has changed the signs before the 0(±ri)'s in the definitions 
of jL,R, and thus effected the desired change of sign of the negative n terms in the n^Pnd/pn 
sum. 

Setting jhi^O) = in this Hamiltonian reduces it to an expression 

^^constrained = ^^t' ^ | yjR, " ^^^^JR'9(Jr)h| d9. (78) 

that looks very hke the chiral Hamiltonian appearing in ( l30l) . Further, by examining the 
n > Fourier components in (J68ll . we see that imposing jh{d) = as a constraint on the 
wavefunctions is equivalent to demanding that 

d 

■7, ^0, n<0, 

OPn 

and so requires the wavefunction not depend on p„ with negative n. Equating the n < 
Fourier components to zero requires that, as operators, we have 

n d 

Xdpn 

Consequently, ceases being independent and returns to being the Bargmann-Fock Jack- 
product adjoint of multiplication by p„. We have precisely recovered the chiral theory from 
section UTTl The jl = constraint, natural as it seems, is not however consistent with the 
full equations of motion: an initially-zero jl does not remain zero. 

The true, consistent, right-going chiral constraint was found by Bettelheim, Abanov and 
Wiegmann [l5| to be 

^^physical = TrAp - ^(A - l)9e(lnp)H. (79) 
With this condition the separate continuity equation 

P + de pt^physical = 0, (80) 

and the Euler equation 

V + t^physical "Metaphysical = -dew{p), (81) 

where 

wip) = - {2d',, Inp + {de lnp)2) - 7rA(A - l)depu, (82) 

become identical — but only after some considerable algebra and use of Tricomi's version 

(0i(02)h)h + ((0i)h02)h = (0i)h(02)h " 0102- (83) 
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of the Poincare-Bertrand identity 26|, |27|]. The resulting single equation for the right-going 



wave IS 



15| 



p + deS^7i\p^-^{\-l)pde{\np)n^=0. (84) 

This equation can be made to coincide with our earlier Benjamin-Ono equation by linearizing 
pd0(\np)u ~ dgpu- 

In terms of the current Jl? the rather mysterious chiral condition becomes 

jL = ^^^^5,(lnp)_ (85) 

Recall that the subscript "— " means a projection onto the n < Fourier modes. Therefore, 
from the n > Fourier components, we again read off that 

^ 0, n < 0, (86) 

dpn 

and the wavefunction remains only a function of the Pn for n > 0. The n < components, 
however, now give 

This equation asserts that that p_„ = p}^ with the adjoint taken with respect to the Suther- 
land product. The true chiral condition is therefore a very natural, and indeed inevitable, 
consequence of the necessity of using only the Sutherland inner product when dealing with 
both the full ambichiral collective field. 



VI. CONCLUSIONS 

We have traced the difficulty in separating the left- and right-going degrees of freedom 
in the continuum hydrodynamics of the Sutherland model to the existence of two distinct 
inner products with respect to which the polynomial eigenfunctions are orthogonal. Each 
chiral half of the model is most naturally expressed in terms of operators that are hermitian 
with respect to the first of these products, but the full model is only hermitian with respect 
to the second. 

We have still not managed to decouple the oppositely moving edge modes into non inter- 
acting waves, and it is an interesting question whether this is possible. 
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